Contributions of loops with dynamical vector mesons to masses and decay
  constants of pseudoscalar mesons and their quark mass dependence by Terschlüsen, Carla & Leupold, Stefan
Contributions of loops with dynamical vector mesons to masses and decay constants
of pseudoscalar mesons and their quark mass dependence
Carla Terschlu¨sen and Stefan Leupold1
1Institutionen fo¨r fysik och astronomi, Uppsala Universitet, Box 516, 75120 Uppsala, Sweden
The contributions of one-loop diagrams with dynamical vector mesons to masses and decay
constants of pseudoscalar mesons are determined. Hereby, a relativistic Lagrangian for both the
pseudoscalar-meson octet and the vector-meson nonet is used. The vector mesons are given in
the antisymmetric tensor representation. Both the differences between static and dynamical vector
mesons and the differences between calculations with and without vector mesons are studied as
functions of the light quark mass.
I. INTRODUCTION
How important are vector mesons for low-energy
QCD? Conceptually there is a clear answer to this ques-
tion: For small enough momenta and small enough quark
masses chiral perturbation theory (χPT) [1–5] consti-
tutes the low-energy effective field theory of QCD. The
degrees of freedom (DOF) of χPT are the pseudoscalar
quasi-Goldstone bosons that emerge from the sponta-
neous breaking of the approximate chiral symmetry. For
the two lightest quark flavours these bosons are the pi-
ons, for three flavours the pions, kaons and the η-meson.
The masses of the quasi-Goldstone bosons are related to
the non-vanishing quark masses. The influence of vector
mesons, like of all other non-Goldstone-boson states, is
encoded in the low-energy constants of χPT [2, 6, 7].
Conceptually this is a clear-cut scheme, but quantita-
tively one wants to know how fast or slow the series ex-
pansion defined by the power counting of χPT converges.
It is clear that the expansion scheme becomes the worse,
the smaller the gap is between the masses of the active
DOF and the not explicitly included states. In reality
there is a comfortably large mass gap between the pions
and all other hadronic states [8]. However, already when
one considers the three lightest quark flavours, then the
mass gap is not tremendously large between the kaons
and the η-meson as active DOF on the one hand and
the vector mesons on the other1. In addition, a sig-
nificant number of lattice-QCD calculations uses quark
masses that are larger than in reality [9]. To relate these
lattice-QCD results to the real world requires that the
extrapolation to physical quark masses is theoretically
well understood. Also here χPT becomes instrumental
with its systematic expansion in powers and logarithms
of the masses of the quasi-Goldstone bosons [10]. But
also this line of reasoning brings us back to the question
about the quality of the χPT expansion in a real or lat-
tice “world” where the quark masses are small, but not
very small, in other words for the case where the quasi-
1 In this line of reasoning one might also include the sigma meson.
But in the present exploratory work we restrict ourselves to the
vector mesons.
Goldstone bosons are lighter, but not very much lighter
than other DOF. Vector mesons constitute an important
example for such not very heavy other DOF.
As already discussed, vector mesons appear in the low-
energy constants of χPT. Essentially vector-meson prop-
agators are expanded in powers of momenta over vector-
meson masses [2, 6, 7]. In this way vector mesons be-
come “static”. In the present work we address the ques-
tion how quantitatively different the effects from dynam-
ical versus static vector mesons might be. To be specific
we will calculate the masses and decay constants of the
quasi-Goldstone bosons and study their dependence on
the quark masses for the two cases where vector mesons
are included as static or dynamical DOF in one-loop con-
tributions.
To answer such a quantitative question requires a
quantitatively reasonable input. Fortunately vector
mesons are phenomenologically rather well explored
based on their prominent appearance in interactions be-
tween hadrons and electromagnetism [11]. In particu-
lar the coupling of the ρ-meson to photons (to external
vector sources) and to a pair of pions has been studied
in great detail. The three-flavour version of the latter
interaction will provide our input for the one-loop cal-
culations. We would like to admit right away that the
present work is a first exploratory study. Therefore we
do not aim at a systematic inclusion of vector mesons.
Instead we use a particular, phenomenologically well mo-
tivated model Lagrangian for the vector mesons with the
interaction that we regard as most important: the V -P -
P interaction where V /P denotes a vector/pseudoscalar
meson. Note that there are other effects and interaction
types connected to vector mesons. In particular, in the
present work we neither include the mass splitting within
the vector-meson multiplet nor the V -V -P interaction,
see, e.g., [12–14] and references therein.
Dealing with loops requires renormalisation. This is-
sue, the divergence structure of loops including dynam-
ical vector mesons, has been addressed in our previous
work [15]. We also refer to this paper for a much more de-
tailed discussion of scale separation and the importance
of vector mesons. Here we can utilise the results from [15]
and study in the present work the finite parts of one-loop
diagrams including vector mesons as they contribute to
the two-point functions of the pseudoscalar mesons. The
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2present work focuses on two comparisons, for both cases
as a function of the quark masses: 1. We compare loops
with static vector mesons and loops with dynamical vec-
tor mesons. 2. We compare loops with (dynamical) vector
mesons and pure χPT loops.
For the first comparison we start with the observation
that loops with (static) vector mesons make their (indi-
rect) appearance in χPT at next-to-next-to-leading order
(N2LO) [16]. At this order one-loop diagrams with ver-
tices from the next-to-leading order (NLO) Lagrangian
contribute. In turn the corresponding NLO low-energy
constants are influenced by vector mesons [2, 6, 7] (and
other mesons, but here we focus on vector mesons). With
our comparison we study how important the difference
between static and dynamical vector mesons actually is.
We recall that we study this issue as a function of the
quark masses.
For the second comparison we imagine the following
two “microscopic” Lagrangians: one with pseudoscalar
mesons only, one containing vector mesons in addition.
At one-loop accuracy we fully integrate out the vector
mesons for the second Lagrangian [15] and in any case
the pseudoscalar fluctuations [3]. Concerning the diver-
gence structure we restrict our attention to the chiral
orders Q2 and Q4. We will see below that this is suffi-
cient to address the two-point functions of pseudoscalar
mesons, the topic of the present work. Starting with or
without vector mesons we obtain a low-energy effective
action. In the spirit of effective field theories, i.e. as-
suming that there is an effective field theory, not sev-
eral ones, it should be clear that at any chiral order
the difference between the two scenarios (starting with
or without vector mesons) can only reside in different
values of the low-energy constants. Now suppose that
we adjust the low-energy constants of the chiral orders
Q2 and Q4 such that there is no difference between the
two scenarios for observables up to (including) order Q4.
There is still a difference left between the two scenarios:
The effective action obtained from starting with vector
mesons contains finite non-local terms (logarithms) that
depend on the vector-meson mass and the masses of the
quasi-Goldstone bosons. If one expands these terms in
powers of Q over the vector-meson mass they start to
contribute at chiral order Q6. By not expanding these
terms but keeping the full analytic structure we can ex-
plore how quantitatively important such terms are for a
formal Q4 calculation of the masses and decay constants
of the quasi-Goldstone bosons. Again we address this
question as a function of the quark masses.
Since all our calculations are performed as a function
of the quark masses, a natural application of our work
is a comparison to lattice-QCD results [17–19]. In this
present exploratory study we refrain from a direct com-
parison. The reason is that there are additional effects
that one might want to consider when comparing to lat-
tice results, in particular finite-volume effects [20, 21].
This is beyond the scope of the present work, but we re-
gard our results for the quark-mass dependence of the
influence of vector-meson loops interesting enough to
present them here.
This article is structured in the following way: First,
the necessary definitions are introduced and the results
from [15] which are needed for this article are summarised
(section II). Then, one-loop contributions to pseudoscalar
masses (section III) and decay constants are determined
(section IV). In section V, these contributions are evalu-
ated numerically. A summary is given in the last section.
II. GENERAL CONSIDERATIONS AND
RENORMALISATION OF LOW-ENERGY
CONSTANTS OF χPT
We start with the Lagrangian used in [15] where the
renormalisation aspects of one-loop calculation with dy-
namical vector mesons have been addressed. While [15]
provides a feasibility test of the beyond-tree-level calcu-
lations with vector mesons, the present work studies the
influence of loops with vector mesons on physical observ-
ables.
Within this article, calculations are done for the
pseudoscalar octet only, the singlet is not taken into
account (see also [13, 15] for possible extensions).
The pseudoscalar octet is included in the matrix field
U := exp(iΦ/F ) and given by
Φ =
pi
0 + 1√
3
η8
√
2pi+
√
2K+√
2pi− −pi0 + 1√
3
η8
√
2K0√
2K−
√
2K¯0 − 2√
3
η8
 . (1)
The leading-order-(LO) and NLO-χPT Lagrangians are
denoted as in [3],
L LOχPT =
1
4
F 2
{〈
DµU
†DµU
〉
+
〈
χU† + χ†U
〉}
,
L NLOχPT = L1
〈
DµU
†DµU
〉2
+ L2
〈
DµU
†DνU
〉2
+ L3
〈
(DµU
†DµU)2
〉
+ L4
〈
DµU
†DµU
〉 〈
χ†U + χU†
〉
+ L5
〈
(DµU
†DµU)(χ†U + U†χ)
〉
+ L6
〈
χ†U + χU†
〉2
+ L7
〈
χ†U − χU†〉2 + L8 〈χ†Uχ†U + χU†χU†〉
− iL9
〈
FµνR DµU DνU
† + FµνL DµU
†DνU
〉
+ L10
〈
U†FµνR UF
L
µν
〉
+H1
〈
FRµνF
µν
R + F
L
µνF
µν
L
〉
+H2
〈
χ†χ
〉
. (2)
Thereby, χ:=2B0(s+ip) including the external scalar and
pseudoscalar sources s and p, respectively. If the external
fields are switched off, χ=2B0M:=2B0diag(m,m,ms)
with an averaged up- and down-quark mass 2m=mu+md
3and the mass ms of the strange quark. Furthermore,
2
DµU := ∂µU − iFRµ U + iUFLµ ,
DµU
† := ∂µU† + iU†F
µ
R − iFµLU† ,
FR/Lµν := ∂µF
R/L
ν − ∂νFR/Lµ − i
[
FR/Lµ , F
R/L
ν
]
. (3)
As in [15], the Lagrangian for vector mesons is restricted
to two interaction terms for vector mesons V , pseu-
doscalar mesons P and an external vector source v, a V -
2P and a V -v interaction term. These interaction terms
are the most important ones since they describe among
other a ρ-2pi interaction and the transition of a vector
meson into a photon [11]. The Lagrangian for vector
mesons used in this article is given as [13, 15, 22]
Lvec = Lfree +Llin,
Lfree = −1
4
〈DµVµν DρV ρν〉+ 1
8
m2V 〈VµνV µν〉 ,
Llin =
1
2
ifV hP 〈UµV µνUν〉+ 1
2
fV
〈
V µνf+µν
〉
(4)
with 〈A〉 := tr(A), the parameters fV and hP and an ap-
proximated common vector-meson mass mV =776 MeV.
Furthermore,
DµVαβ := ∂µVαβ + [Γµ, Vαβ ] ,
Γµ :=
1
2
([
u†, ∂µu
]− iu†FRµ u+ iuFLµ u†) ,
Uµ := 1
2
u†DµUu† = −1
2
u(DµU)
†u,
f±µν :=
1
2
(
uFLµνu
† ± u†FRµνu
)
,
U = u2 . (5)
Hereby, the external vector and axialvector sources vµ
and aµ, respectively, are included in F
R/L
µ := vµ ± aµ.
The vector mesons are given in antisymmetric tensor rep-
resentation [2, 6, 12–15, 22, 23] and collected in the nonet
matrix
Vµν =
ρ0µν + ωµν
√
2ρ+µν
√
2K+µν√
2ρ−µν −ρ0µν + ωµν
√
2K0µν√
2K−µν
√
2K¯0µν
√
2φµν
. (6)
In χPT up to order Q4, only the low-energy con-
stants of the NLO-χPT Lagrangian are renormalised by
pseudoscalar loops [2, 3]. If, however, loops with vec-
tor mesons are taken into account, an additional infinite
one-loop contribution proportional to the kinetic term〈
DµU
†DµU
〉
in the LO Lagrangian L LOχPT will be pro-
duced [15]. Therewith, the wave-function normalisation
2 Note that the covariant derivative Dµ is defined depending on
the field it is acting on and acts differently on U , U† and the
vector field V .
(wfn) constant F as a coefficient of the kinetic term has
to be renormalised as well. The renormalised wfn con-
stant Fr is given by [15]
F 2r = F
2 +
ϕm2V
F 2r
λ¯ , ϕ := − 9 f
2
V h
2
P
16
,
λ¯ :=
1
16pi2
(
1
ε
+ Γ′(1)− 1− log(4pi)
)
. (7)
Thereby, the loop calculations are carried out with di-
mensional regularisation in (4 + 2ε) dimensions. The in-
finities are identified via a modified MS-bar scheme ac-
cording to [2, 3]. Since only the kinetic term but not the
mass term in L LOχPT is renormalised directly, the renor-
malised LO-χPT Lagrangian is given by
L LOχPT =
1
4
F 2r
〈
DµU
†DµU
〉
+
1
4
F 2
〈
χ†U + χU†
〉
.
Note that the combination F 2B0mq remains finite where
mq denotes a quark mass. Based on the renormalised
Lagrangian, the field U has to be redefined as
U = exp(iΦ/F ) 7→ U = exp(iΦ/Fr). (8)
Therewith, the bare masses of the pseudoscalar mesons
are equal to
M˚2pi =
F 2
F 2r
2B0m, M˚
2
K =
F 2
F 2r
B0(m+ms) ,
M˚2η =
F 2
F 2r
2
3
B0(m+ 2ms) =
1
3
(
4M˚2K − M˚2pi
)
(9)
differing from the bare masses in pure χPT by a factor
of F 2/F 2r . When we explore the quark-mass dependence
of our results, we study in practice the variations as a
function of the bare pion mass M˚pi.
Furthermore, the contributions from loops with vector
mesons to the low-energy constants Li of the NLO-χPT
Lagrangian depend on the renormalised wfn constant F 2r
via [15]
Lri = Li +
(
1
2
Γi +
Λi
F 2r
)
λ¯. (10)
Hereby, Γi denote the renormalisation constants from
pure χPT [3]3 and Λi the renormalisation constants from
loops with vector mesons. The values for the low-energy
constants and the corresponding renormalisation con-
stants relevant for the calculations within this article are
listed in Tab. I.
3 Note that the parameter λ¯ as defined in Eq. (7) is twice the
corresponding parameter in [3] yielding coefficients Γi/2.
4Table I: Phenomenologically determined values at µ=mV for
low-energy constants [24] needed for the calculations within
this article and their respective renormalisation constants. Γi
denote the renormalisation constants from pure χPT [4], Λi
those from loops with vector mesons. fV and hP are param-
eters of the vector Lagrangian Llin (cf. Eq. (4)).
low-energy phenom. value
Γi Λi/(f
2
V h
2
P )constant [10−3]
L4 0.0± 0.3 − 18 − 3256
L5 1.2± 0.1 − 38 − 9256
L6 0.0± 0.4 11144 0
L7 −0.3± 0.2 0 1256
L8 0.5± 0.2 548 − 3256
III. ONE-LOOP CONTRIBUTIONS TO MASSES
OF PSEUDOSCALAR MESONS
The mass of a pseudoscalar meson is one physical ob-
servable used to study the influence of loops with vec-
tor mesons within this article. In this section, masses
of pseudoscalar particles are determined generally, the
numerical results are discussed in section V.
In general, the mass M of a particle is defined as the
position of the pole of its propagator ∆ as a function of
the squared momentum p2 of the incoming particle, i.e.,
∆(p2 = M2)−1 ≡ 0.
In LO χPT, the propagator for a given pseudoscalar me-
son reads as
∆(p2) =
1
p2 − M˚2 + i0+ (11)
with the bare mass M˚ of the pseudoscalar meson as
defined via the mass term in the LO-χPT Lagrangian
L LOχPT. Hence, the LO mass of a pseudoscalar meson in
pure χPT is equal to its bare mass. If higher-order contri-
butions and/or non-trivial LO contributions are included,
the propagator can be expressed as an infinite sum of di-
agrams (see Fig. 1). Defining the self energy −iΣ(p2)
as the sum of all one-particle-irreducible diagrams at a
given chiral order, the full propagator at this order can
= + 1PI.
+ 1PI. 1PI. + . . .
Figure 1: Propagator given as the sum of diagrams includ-
ing the (irreducible) self energy. The dashed circle denotes
the full contribution, “1PI” denotes one-particle irreducible
contributions.
be expressed as a geometric series [25],
i∆(p2) =
i
p2 − M˚2 + i0+ +
i
[−iΣ(p2)] i
(p2 − M˚2 + i0+)2 + . . .
=
i
p2 − M˚2 − Σ(p2) + i0+ . (12)
The (full) mass M of a particle is the pole of the (full)
propagator and, thus, defined via the mass equation
M2 − M˚2 − Σ(M2) = 0 . (13)
At chiral order Q4, the self energy for a pseudoscalar
meson is given by tree-level diagrams with a Q4-vertex
and loop-diagrams with one or two Q2-vertices (Fig. 2).
In pure χPT, only vertices with even numbers of pseu-
doscalar mesons are possible for the self energy of a pseu-
doscalar meson. Therefore, the first pure-χPT diagram
in Fig. 2 is generated by Φ2-contributions in the NLO
Lagrangian L NLOχPT and the second one, the “tadpole” di-
agram, by Φ4-contributions in the LO Lagrangian L LOχPT,
L NLO,2ΦχPT =
4B0
F 2r
{
L4 〈M〉 〈∂µΦ∂µΦ〉+ L5 〈M∂µΦ∂µΦ〉
}
− 8B
2
0
F 2r
{
2L6 〈M〉
〈MΦ2〉+ 2L7 〈MΦ〉2
+L8
〈MΦMΦ +M2Φ2〉} ,
L LO,4ΦχPT =
1
24F 4r
{
F 2r 〈[Φ, ∂µΦ] Φ∂µΦ〉+ F 2B0
〈MΦ4〉} .
(14)
Hereby, all external sources except masses are set to zero
such that χ=χ†=2B0M. The pure χPT self energy is
calculated in [4] and can be expressed as
Σ
(P )
χPT(p
2) = A(P ) + p2B(P ) ∈ O(Q4) ,
B(P ) := σ(P ) + ρ(P ) (15)
for a given pseudoscalar meson P . The formulae for
A(P ), σ(P ) and ρ(P ) are given as
A(pi) =
M˚2pi
F 2r
{
− 1
6
(µpi + 2µK + µη) + 16(2M˚
2
K + M˚
2
pi)L
r
6
+ 16M˚2piL
r
8
}
,
(I) pure χPT:
(II) loops with vector mesons:
Figure 2: Contributing one-loop diagrams to the self energy
−iΣ from pure χPT at O(Q4) (I) and from loops including
vector mesons (II). A pseudoscalar meson is described by a
dashed line, a vector meson by a solid line. The cross denotes
an NLO vertex, the dot an LO vertex.
5A(K) =
M˚2K
F 2r
{ 1
12
(−3µpi − 6µK + µη) + 16(2M˚2K + M˚2pi)Lr6
+ 16M˚2KL
r
8
}
,
A(η) = −2M˚
2
ηµη
3F 2r
+
M˚2pi
6F 2r
(−3µpi + 2µK + µη)
+
16M˚4η
F 2r
Lr8 +
16M˚2η
F 2r
(2M˚2K + M˚
2
pi)L
r
6
+
128(M˚2K − M˚2pi)
9F 2r
(3Lr7 + L
r
8) ,
σ(pi) =
1
3F 2r
(2µpi + µK) ,
σ(K) =
1
4F 2r
(µpi + 2µK + µη) ,
σ(η) =
µK
F 2r
,
ρ(P ) = − 8
F 2r
[(2M˚2K + M˚
2
pi)L
r
4 + M˚
2
PL
r
5] ,
µP :=
1
16pi2
M˚2P log
(
M˚2P
µ2
)
. (16)
For the three diagrams in Fig. 2 including loops with
vector mesons, vertices proportional to V 2Φ2, V 2Φ and
V Φ2, respectively, are needed. Expanding Lvec in or-
ders of Φ produces no vertex proportional to V 2Φ, i.e.,
the second diagram does not exist in the framework used
in this article. The vertex proportional to V 2Φ2 includes
the commutator [V µν , ∂ρVρν ] which is equal to zero when
the two vector-meson fields are Wick contracted. Thus,
the tadpole diagram does not contribute either. There-
fore, the one-loop contribution with vector mesons to the
self energy of pseudoscalar mesons is only given by the
last diagram in Fig. 2 and generated by the Lagrangian
L VΦ
2
vec = i
fV hP
8F 2r
〈V µν∂µΦ ∂νΦ〉 . (17)
For calculating the self energy, the matrix elements [2, 6]〈
0|TV µνa (x)V αβa (y)|0
〉
= − i
m2V
∫
d4q
(2pi)4
e−iq(x−y)
q2 −m2V
{
(m2V − q2)gµαgνβ
+ qµqαgνβ − qµqβgνα − (µ↔ ν)} ,
∂µx∂
ν
y 〈0|TφP (x)φP (y)|0〉 = i
∫
d4q
(2pi)4
e−iq(x−y)
q2 − M˚2P
qµqν
for a vector meson and a pseudoscalar meson P , respec-
tively, are used. Therewith, the contribution of loops
with vector mesons to the self energy of a pseudoscalar
meson P reads as
Σ(P )vec (p
2) = − f
2
V h
2
P
16pi2 · 64F 4r
{
4δPpi
[
2gpi(p
2) + gK(p
2)
]
+ 3δPK
[
gpi(p
2) + 2gK(p
2) + gη(p
2)
]
+ 12δPηgK(p
2)
}
. (18)
The function gR depends on both the squared momentum
p2 of the incoming pseudoscalar meson P and the mass
of the pseudoscalar meson R in the loop [26, 27],
gR(p
2) := 4α2R(p
2)
[
1− LR(p
2)
p2
]
+ p2(3SR − p2) log mV M˚R
µ2
+DR
(
3SR − D
2
R
p2
)
log
mV
M˚R
including the abbreviations
LR(p
2) := αR(p
2) log
(
p2 − SR + 2αR(p2)
p2 − SR − 2αR(p2)
)
,
α2R(p
2) :=
1
4
(
(mV − M˚R)2 − p2
)(
(mV + M˚R)
2 − p2
)
,
SR := m
2
V + M˚
2
R , DR := m
2
V − M˚2R .
For further calculations, the expansion of the self en-
ergy Σ(P )vec up to (including) chiral order Q
4 is of interest.
Thereby, the self energy has to be evaluated at p2=M2P
for determining the full mass MP . Due to the softness
of pseudoscalar mesons, it can be expanded at p2 = 0 4.
Since only the contributions in p2 and p4 are non-zero at
O(Q4), the approximated self energy Σ(P )appr of loops with
vector mesons is given by
Σ(P )appr(p
2) = [b0 + bV (P )]p
2 + cV p
4 +O(Q6) ,
b0 :=
6β m2V
16pi2 F 4r
(
1 + 6 log
m2V
µ2
)
∈ O(1) ,
bV (P ) :=
β
16pi2 F 4r
(
1 + 6 log
m2V
µ2
){
2δPpi(2M˚
2
pi + M˚
2
K)
+ δPK(M˚
2
pi + 5M˚
2
K) + 6δPηM˚
2
K
}
∈ O(Q2) ,
cV := − 2β
16pi2 F 4r
(
5 + 6 log
m2V
µ2
)
∈ O(1) ,
β := −f
2
V h
2
P
64
(19)
at O(Q4). Hereby, the Gell-Mann-Okubo relation [3],
3M˚2η = 4M˚
2
K + M˚
2
pi , was used. Note that in contrast to
4 Note that gR is in fact finite at p
2=0 such that this expansion is
possible.
6a pure χPT-calculation the LO mass is not equal to the
bare mass but
M2P =
M˚2P
1− b0 +O(Q
4) (20)
whereby the bare mass M˚2P differs from the bare χPT
mass by a factor of F 2/F 2r (cf. Eq. (9)).
Test of renormalisation-point invariance at O(Q4)
The pseudoscalar masses calculated with the mass
equation (13) depend on the chosen renormalisation scale
µ both directly via chiral logarithms log(mass2/µ2) in
the contributions to the self energy (cf. Eq. (15) and
(18)) and indirectly via the scale dependence of the renor-
malised low-energy constants F 2r and Li. Since the mass
is a physical observable, it has to be independent of the
scale µ, i.e.,
dM2P
dµ
!
= 0 . (21)
This invariance can be used to verify the underlying theo-
retical assumptions and to check the calculations carried
out so far. The calculations to test µ independence are
performed at O(Q4) and in one-loop accuracy. The lat-
ter can be most easily traced using the large-Nc counting
where Nc denotes the number of colours [15, 28],
F 2, f2V ∈ O(Nc) , mV , M˚P ∈ O(1).
In large-Nc counting, the low-energy constants can be
expanded as
F 2r = F
2 +
ϕm2V
F 2
λ¯+O(1/Nc) ,
Lri = Li +
(
1
2
Γi +
Λi
F 2
)
λ¯+O(1/Nc) ,
ϕ, Λi ∈ O(Nc) . (22)
Therewith, the dependence on a scale µ for a given low-
energy constant cr = c0 + γλ¯ reads as
cr(µ) =
[
cr(µ0) +
2γ
16pi2
log(µ0)
]
− 2γ
16pi2
log(µ)
for an arbitrary reference scale µ0. γ can be reconstruct-
ed from Eq. (7) and (10).
The mass equation for a pseudoscalar meson P can
be solved analytically at O(Q4), i.e., using the approxi-
mated vector-loop contribution Σ(P )appr to the self energy
instead of the full contribution Σ(P )vec . At O(Q4), the mass
is given as
M2P = M˚
2
P +A(P ) + [B(P ) + b0 + bV (P )] M˚
2
P + cV M˚
4
P
+O(Q6) +O(1/N2c ).
Note that the second possible solution of the quadratic
equation for M2P has a non-zero contribution at O(1) and
is therefore not considered here.
For µ invariance, the derivative of M2P with respect to
µ has to vanish at each order separately, i.e., both at
O(Q2) and at O(Q4). The resulting equations can be
reformulated into relations for the renormalisation pa-
rameters (cf. Eq. (7) and (10)) and the coefficient β
of the approximated self energy with vector-meson loops
(cf. Eq. (19)),
ϕ = 36β +O(N0c ) , 4Λ4 = 3β +O(N0c ) (23)
whereby the first relation describes renormalisation-point
invariance at O(Q2) and the second the additional con-
dition at O(Q4). Hereby, the correlation
Λ4 =
1
3
Λ5 = −3Λ7 = Λ8
was used [15]. The relations above are fulfilled by the
values for ϕ, β and Λ4 as given in Eq. (7), Eq. (19) and
Tab. (I), respectively. Thus, the calculated mass M2P is
renormalisation-point invariant atO(Q4) as necessary for
a physical observable.
IV. CONTRIBUTIONS TO DECAY
CONSTANTS OF PSEUDOSCALAR MESONS
In this section, the decay constants of pseudoscalar
mesons are calculated in general, the numerical results
are discussed in section V. Decay constants of pseu-
doscalar mesons can be calculated by Feynman diagrams
with an incoming weak field aµ and an outgoing pseu-
doscalar meson as shown on the left-hand side in Fig. 3.
As illustrated on the right-hand side in Fig. 3, this gen-
eral diagram can be split into the product of one-particle
irreducible (1PI) diagrams with an incoming weak field
and an outgoing meson and a meson propagator, i.e., a
diagram with an incoming and outgoing meson as con-
sidered in the previous section.
= 1PI. ×
Figure 3: General diagram for calculating decay constants.
The wiggled line denotes a weak field aµ, “1PI” one-particle
irreducible diagrams.
Denoting the results from the 1PI diagrams with an
incoming weak field and an outgoing pseudoscalar field
in Fig. 3 as Sµ, the full matrix element for calculating the
decay constant Fˆ (P ) of a pseudoscalar meson P reads as
iM(P )µ =
iS
(P )
µ (p2)
p2 −M2P + i0+
=:
ipµFˆ (P )
p2 −M2P + i0+
. (24)
7Hereby, p2 denotes the squared momentum of in- and
outgoing fields. The physical mass MP used in the defi-
nition of Fˆ has been determined in the previous section.
In Fig. 4, the one-loop diagrams contributing to Sµ
are listed up to O(Q4). For the pure-χPT diagrams, the
necessary parts of the Lagrangian are given by
L LO,aΦχPT = −Fr 〈aµ∂µΦ〉 ,
L NLO,aΦχPT = −
4B0F
2
F 3r
[2(2m+ms)L4 〈aµ∂µΦ〉
+L5 〈M{aµ, ∂µΦ}〉] ,
L LO,aΦ
3
χPT =
1
123Fr
〈
aµ
[{
Φ2, ∂µΦ
}− 2Φ(∂µΦ)Φ]〉 .
The first diagram involving vector mesons in Fig. 4 re-
quires an aV 2Φ-vertex, the second one an aV 2- and a
V 2Φ-vertex, and the third one an aV Φ- and a V Φ2-
vertex. As for the mass calculation, the diagram with
a vector-meson tadpole is equal to zero because the ver-
tex aV 2Φ is proportional to the vanishing commutator
[V µν , ∂ρVρν ]. Since an aV
2-vertex does not exist in Lvec,
the second diagram does not contribute either. For the
third diagram, the necessary vertices are generated by
L VΦ
2
vec = i
fV hP
8F 2r
〈V µν∂µΦ ∂νΦ〉 ,
L aVΦvec = −i
fV hP
4Fr
〈[aµ, ∂νΦ]V µν〉+ i fV
2Fr
〈[∂µaν ,Φ]V µν〉 .
Note that the second term in L aVΦvec yields zero in all
calculations.
(I) pure χPT:
(II) loops with vector mesons:
Figure 4: Contributing diagrams to S
(P )
µ as defined in Eq. (24)
from pure χPT (I) and from loops including vector mesons
(II), respectively. A pseudoscalar meson is described by a
dashed line, a vector meson by a solid line and the weak field
aµ by a wiggled line. The dot denotes an LO vertex, the cross
an NLO vertex.
S
(P )
µ is calculated using renormalised perturbation the-
ory [25] where the field Φ is replaced by the renormalised
field Φˆ via
Φ 7→ Φˆ :=
∑
P
λPφP√
Z(P )
,
√
2λpi+ := − (λ1 + iλ2) ,
√
2λpi− := (λ1 − iλ2) ,√
2λK+ := − (λ4 + iλ5) ,
√
2λK− := (λ4 − iλ5) ,√
2λK0 := − (λ6 + iλ7) ,
√
2λK¯0 := − (λ6 − iλ7) ,
λpi0 := λ3, λη := λ8 (25)
with the Gell-Mann matrices λ1, . . . , λ8. Hereby, the
wave-function-renormalisation constant Z(P ) is defined
via the propagator as [4]
i∆(p2) =:
iZP
p2 −M2P
+
(
terms regular at p2 = M2P
)
,
Z−1P = 1− Σ′(M2P ) = 1−B(P )− Σ(P )vec ′(M2P )
with B=σ+ρ for σ and ρ given in Eq. (16) and Σ(P )vec
as defined in Eq. (18). Σ′ denotes the derivative with
respect to the squared momentum p2. The Lagrangians
needed to calculate the one-loop contributions to Sµ can
now be rewritten in terms of the renormalised field Φˆ.
Thereby, the LO-χPT contribution reads as
L LO,aΦχPT = −Fr
∑
P
√
Z(P ) aµP ∂µΦˆP . (26)
All remaining terms in the Lagrangians needed for cal-
culating Sµ have to be rewritten in terms of the renor-
malised field as well. In principle, their parameters are
also multiplied with factors of
√
Z(P ). However, all these
terms are already one-loop or NLO contributions. There-
fore, the constant Z(P ) can be approximated by one for
these terms. Therewith, S
(P )
µ for a pseudoscalar meson
P can be determined as
S(P )µ (p
2) =ipµ
{
Fr
√
Z(P )− Fr [2σ(P ) + ρ(P )]
− Fr Σ
(P )
vec (p
2)
p2
}
. (27)
Furthermore, the LSZ-reduction formula [29] is applied
to the matrix element given in Eq. (24) yielding
lim
p2 7→M2P
{(
p2 −M2P
) · iM(P )µ } = ipµFˆ (P ) = iS(P )µ (M2P ).
Therewith, the decay constant Fˆ (P ) of a pseudoscalar
meson P in one-loop approximation including loops with
vector mesons can be determined as
Fˆ (P )
Fr
= 1 +
1
2
Σ(P )vec
′(M2P )−
Σ(P )vec (M
2
P )
M2P
− 1
2
[3σ(P ) + ρ(P )] . (28)
V. NUMERICAL RESULTS FOR MASSES AND
DECAY CONSTANTS
Within this section, the numerical values for both
masses and decay constants of pseudoscalar mesons are
discussed. In particular, the dependence of masses and
decay constants on the bare pion mass M˚pi are examined.
According to Eq. (9) this is equivalent to a variation in
the light quark mass m. This is exactly the situation
8which is of interest for lattice-QCD calculations – ex-
cept for lattice artefacts like finite-volume effects that
we do not address in the present work. All calculations
within this section are done at a fixed renormalisation
point µ=mV .
As discussed in section I, two numerical comparisons
will be performed in this article: First, differences be-
tween static and dynamical vector mesons are consid-
ered (subsection V A). Second, a pure χPT calculation
at order Q4 is compared to a calculation including loops
with vector mesons (subsection V B). This allows to ex-
amine how quantitatively important higher order contri-
butions from vector-meson loops are for formal Q4 cal-
culations. Both comparisons are addressed as functions
of the bare pion mass, i.e., as functions of the averaged
up- and down-quark mass.
A. Static versus dynamical vector mesons
To compare differences of calculations with static and
dynamical vector mesons, static vector mesons are dis-
cussed first. In pure χPT and in the resonance satura-
tion picture [6, 7], the masses of the pseudoscalar mesons
are assumed to be much smaller than the masses of the
vector mesons, MP  mV . Furthermore, all involved
momenta have to be much smaller than the vector-meson
mass as well, q2  m2V . Thus, the vector-meson propa-
gator (m2V −q2)−1 can be approximated by 1/m2V . Using
this approximation, the one-loop diagram with a vector
meson shown at the left-hand side in Fig. 5 has the same
form as a pure χPT-tadpole diagram. Recall from sec-
tions III and IV that the diagram depicted on the left-
hand side in Fig. 5 is the only one-loop diagram with vec-
tor mesons contributing to masses and decay constants
of pseudoscalar mesons. For q2m2V and using the mod-
ified minimal subtraction scheme of [3] we provide the
finite contribution to the pseudoscalar self energy com-
ing from the vector-meson-loop diagram with the vector-
meson propagator shrank to a point. It is given by
Σ
(P )
point(p
2) =
f2V h
2
P
16pi2 · 128F 4r
p2
m2V
{4δPpi[2h(pi) + h(K)]
+ 3δPK [h(pi) + 2h(K) + h(η)] + 12δPη h(K)},
h(R) := M˚4R
(
1 + 6 log
M˚2R
µ2
)
. (29)
In a pure χPT calculation, all degrees of freedom ex-
cept the low-lying pseudoscalar mesons are integrated
out, i.e., their contributions are included in the low-
energy constants. Thus, in the resonance saturation pic-
ture the numerical value of the vector-meson-loop dia-
gram with a point-like propagator shown on the right-
hand side in Fig. 5 has to be the same as the corre-
sponding contributions from pure χPT at N2LO. These
corresponding contributions are pseudoscalar tadpole di-
agrams with a vertex of O(Q4) and have already been
q
⇒ m−2V
Figure 5: Transformation of a one-loop diagram with a vector
meson to a pure χPT diagram for q2  m2V . Here, q denotes
the momentum of the vector meson in the loop on the left-
hand side. Note that the circle with the label m−2V should
not be misinterpreted as a vector-meson loop. This circle
represents a vertex.
calculated in [16] for both pseudoscalar masses and de-
cay constants. They were used as cross checks for the
calculations done within the present article. Thereby,
the values for the non-vanishing low-energy constants in
the resonance saturation picture which are needed within
this article are given by [6]5
LV1 =
f2V h
2
P
128m2V
, LV2 = 2L
V
1 , L
V
3 = −6LV1 . (30)
For dynamical vector mesons, the full propagator (q2−
m2V )
−1 is used for calculating the loop diagram shown
on the left-hand side in Fig. 5. Both loop diagrams with
an approximated and with a full propagator will depend
on the parameters hP , fV , Fr, mV and the bare pseu-
doscalar masses M˚pi and M˚K . For the qualitative com-
parison between the two types of diagrams, the corre-
sponding calculations are normalised such that they do
not depend on hP , fV and Fr anymore.
The differences between loop diagrams with approxi-
mated and full propagators are considered as functions
of the bare pion mass M˚pi in comparison to the reference
point M˚pi = M
exp
pi . For that let TP denote the normalised
contribution from the tadpole diagram with the shrunk
propagator to the mass or decay constant of a pseu-
doscalar meson P and IP the normalised contribution
from the full vector-meson-loop diagram. For masses,
the contributions of the corresponding diagrams to the
pseudscalar self energy are considered in TP and IP , i.e.,
TP (M˚
2
pi) :=
16pi2 · 128F 4r
f2V h
2
P
Σ
(P )
point(M
2
P ),
IP (M˚
2
pi) :=
16pi2 · 128F 4r
f2V h
2
P
Σ(P )vec (M
2
P )
with Σpoint and Σvec as defined in Eq. (29) and (18),
respectively. For decay constants, the contributions are
given by (cf. Eq. (28))
TP (M˚
2
pi) :=
16pi2 · 128F 4r
f2V h
2
P
[
1
2
Σ
(P )
point
′ (M2P )−
Σ
(P )
point(M
2
P )
M2P
]
,
5 Note that the constant GV used in [6] is equal to
1
4
fV hP .
9IP (M˚
2
pi) :=
16pi2 · 128F 4r
f2V h
2
P
[
1
2
Σ(P )vec
′(M2P )−
Σ(P )vec (M
2
P )
M2P
]
.
Hereby, Σ
(P )
point/vec
′ denotes the derivative with respect to
the squared momentum p2. For MP we use the respective
bare mass M˚P . The differences between the contributions
from the diagrams with approximated and with full prop-
agators compared to the reference point M˚pi = M
exp
pi can
now be expressed via the functions
∆TP
(
M˚2pi
)
:= TP
(
M˚2pi
)− TP (M˚2pi = (M exppi )2),
∆IP
(
M˚2pi
)
:= IP
(
M˚2pi
)− IP (M˚2pi = (M exppi )2).
To calculate the dependence of ∆T and ∆I on M˚pi
only, the bare kaon mass M˚K as the remaining free pa-
rameter is chosen to be equal to the physical kaon mass
M expK =496 MeV. In Fig. 6 - 10, ∆T and ∆I are plot-
ted for pseudoscalar masses and decay constants of pi-
ons, kaons, and η-mesons. For the η-meson, only a kaon
is possible in the vector-meson-loop diagram contribut-
ing to the self energy. Therefore, the decay constant of
the η-meson depends only on the kaon mass and, thus,
∆Tη(M˚
2
pi)=∆Iη(M˚
2
pi)=0. The mass of the η-meson de-
pends in addition on the bare η-mass and therewith on
the pion mass. For all observables, there are differences
between the calculation with the approximated propa-
gator (∆T ) and the full calculation (∆I) significant for
pion masses above approximately 250 MeV.
Additionally, we study the differences between ∆T and
∆I in the SU(3)-symmetric case, i.e., for M˚pi=M˚K=:mP .
Thereby, the masses and decay constants of all three
pseudoscalar mesons become the same. As a reference
point, either mP=M
exp
pi or mP=M
exp
K is chosen. In Fig.
11 - 14, ∆T and ∆I for the SU(3)-symmetric mass and
decay constant are plotted for the two different refer-
ence points. While for the reference point M exppi all re-
-6
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0
0.2 0.4 0.6
Mpi
0
 [GeV]
∆T, ∆I for Mpi
2
 [GeV4]
∆T
∆I
Figure 6: ∆Tpi and ∆Ipi for the squared pion mass as a func-
tion of the bare pion mass. The vertical line represents the
experimental pion mass Mexppi = 138 MeV which is taken as
the reference point.
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Figure 7: Same as in Fig. 6 but for the squared kaon mass.
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Figure 8: Same as in Fig. 6 but for the squared mass of the
η-meson.
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Figure 9: Same as in Fig. 6 but for the pion decay constant
Fˆ (pi)
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sults are small for pion masses smaller than approxi-
mately 250 MeV, they will already be visible for small
pion masses if the reference point M expK is taken.
B. Comparison between pure NLO-χPT
calculations and calculations with vector-meson
loops
While in the previous subsection the differences be-
tween one-loop diagrams with static and dynamical vec-
tor mesons are discussed, the diagram with dynamical
vector mesons, i.e., with the full vector-meson propaga-
tor will be compared in the following to an NLO-χPT
tadpole diagram with an LO vertex. Again, the depen-
dence of both diagrams on the bare pion mass M˚pi is
studied.
0.00
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0.2 0.4 0.6
Mpi
0
 [GeV]
∆T, ∆I for F(K)/Fr [GeV2]
∆T
∆I
Figure 10: Same as in Fig. 6 but for the kaon decay constant
Fˆ (K).
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Figure 11: ∆TP and ∆IP for the squared pseudoscalar mass
M2P as a function of the bare mass mP with reference point
Mexppi . The vertical line represents the experimental pion mass
Mexppi = 138 MeV.
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Figure 12: Same as in Fig. 11 but for the reference point
MexpK = 496 MeV represented by the vertical line.
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Figure 13: Same as in Fig. 11 bur for the pseudoscalar decay
constant Fˆ (P ) for the reference point Mexppi . The vertical line
represents the experimental pion mass Mexppi = 138 MeV.
-0.5
0.0
0.5
0.2 0.4 0.6
mP [GeV]
∆T, ∆I for F(P)/Fr [GeV2]
∆T
∆I
Figure 14: Same as in Fig. 13 but for the reference point
MexpK = 496 MeV represented by the vertical line.
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Assuming that calculations are carried out in the effec-
tive field theory for both pseudoscalar and vector mesons,
the difference between a scenario with and without vector
mesons at a given order can only be visible in different
values of the low-energy constants. Therefore, the low-
energy constants at chiral orders Q2 and Q4 can be ad-
justed such that the two scenarios yield the same results
for observables up to (including) order Q4.
In general, a physical quantity at chiral order Q4 can
be expressed as
quantity = #F 2r (µ) + #L
r
i (µ) + (χPT loops)(µ)
+ (vector loops)(µ)
= #
(
F 20 + δF
2(µ)
)
+ #
(
LχPTi (µ) + δLi(µ)
)
+ (χPT loops)(µ) + (vector loops)(µ)
depending on the renormalisation scale µ. The low-
energy constants F 20 and L
χPT
i are those defined by pure
χPT. Thus, the deviations δF 2 and δLi from these con-
stants can be adjusted such that they cancel the contri-
butions from the vector loops once the vector loops are
expanded in chiral orders up to O(Q4),
quantity = #F 20 + #L
χPT
i (µ) + (χPT loops)(µ)
+ {(vector loops)(µ)
−(vector loops at O(Q4))(µ)} .
The difference between the approximated contribution
from vector loops and the full contribution has to be at
least of chiral order Q6. It can be explored how quantita-
tively important differences of order Q6 are for a formal
Q4 calculation if pure-χPT calculations and calculations
with vector mesons are compared. The aim of this sub-
section is to perform such a comparison for the masses
and decay constants of pseudoscalar mesons. Hereby, the
mass of a pseudscalar meson P is given as the solution
of the mass equation
0 = M2P −
[
M˚2P + Σ
(P )
χPT(M
2
P ) + Σ
(P )
vec (M
2
P )− Σ(P )appr(M2P )
]
(31)
with the χPT self energy ΣχPT defined in Eq. (15), the
full vector-meson self energy Σvec defined in Eq. (18)
and the approximated vector-meson self energy atO(Q4),
Σappr, defined in Eq. (19). The decay constant of a pseu-
doscalar meson P is given by
Fˆ (P )
F0
= 1 +
1
2
[
Σ(P )vec
′(M2P )− 2M−2P Σ(P )vec (M2P )
]
− 1
2
[
Σ(P )appr
′(M2P )− 2M−2P Σ(P )appr(M2P )
]
− 1
2
[3σ(P ) + ρ(P )] (32)
including the contributions σ(P ) and ρ(P ) to the χPT
self energy (16) with the Lri replaced by L
χPT
i . The con-
tribution including the approximated vector-meson self
energy can be expressed as
Σ(P )appr
′(M2P )− 2
Σ(P )appr(M
2
P )
M2P
= − (b0 + bV (P )) +O(Q4)
with the functions b0 and bV as defined in (19).
Both the equations for mass and decay constant de-
pend on the parameters
F 20 , M˚pi, M˚K , L
χPT
i , hP , fV .
For practical matters, µ=mV and the standard values for
LχPTi (cf. Tab. I) are chosen. The two parameters fV and
hP can either be determined by comparison with exper-
imental data yielding fV =150 MeV and hP=1.50 [22]
6
or by using the KSFR relation yielding fV≈
√
2F exppi and
hP=2 [23]. As in the previous subsection, the bare pion
mass M˚pi is taken as a running parameter. In principle,
both the bare pion and the bare kaon mass will differ
from the pure χPT value by a factor of F 2/F 2r (cf. (9)) if
loops with vector mesons are taken into account. Here,
however, a one-loop approximation is considered and all
changes in the low-energy constants of χPT are assumed
to be cancelled by the vector-loop contributions up to
O(Q4). Therefore, the bare masses are equal to their
χPT result.
We still have to decide how to choose our remaining
parameters F0 and M˚K when M˚pi is varied. In principle,
it would be appealing to readjust F0 and M˚K such that
specific observables remain constant. For instant, one
might consider to keep mass and decay constant of the
kaon at their physical values. We have found, however,
that this leads to numerically rather unstable results. In
subsection V B 1 we will elaborate on these problems, yet
for a somewhat simplified case. We study the SU(3) sym-
metric case and keep the pseudoscalar decay constant at
the experimental value for the kaon decay constant. Af-
ter facing all the problems related to this choice, we will
discuss an alternative, namely we decide to keep F0 and
B0ms constant when varying M˚pi. This is discussed in
subsection V B 2 below. Clearly neither F0 nor B0ms are
observables, which puts a grain of salt in our analysis.
1. Determining F0 in the SU(3)-symmetric case M˚pi = M˚K
As discussed before, the parameter F0 is determined
as a function of mP := M˚pi = M˚K by assuming that the
experimental value F expK = 110 MeV for the kaon decay
constant is reproduced exactly. The decay constant is
6 Note that the parameter hP was redefined compared to the def-
inition used in [22].
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given as (cf. Eq. (32))
Fˆ (P )
F0
= 1 +
1
2
[
Σ(P )vec
′(M2P )− 2M−2P Σ(P )vec (M2P )
]
− 1
2
[
Σ(P )appr
′(M2P )− 2M−2P Σ(P )appr(M2P )
]
− 1
2
[3σ(P ) + ρ(P )]
=: 1 + F−20 G+ F
−4
0 H. (33)
Hereby, F−20 G denotes the contribution from pure χPT
and F−40 H the one from loops with vector mesons. Re-
call from section III that the self energy for loops with
vector mesons is proportional to F−40 and the functions
σ(P ) and ρ(P ) defined in Eq. (16) are proportional to
F−20 . Therefore, both G and H are independent of F0.
Note further that neither of these functions depends on
the chosen pseudoscalar meson P in the SU(3)-symmetric
case. It turns out that the result for F0 in a pure χPT
calculation has no real solution for values of mP between
approximately 440 MeV and 750 MeV (cf. Fig. 15). For
a calculation including vector mesons the result for F0
has a non-vanishing imaginary part already for values
of mP larger than approximately 280 MeV (cf. Fig. 15).
Thereby, all calculations depend on the chosen values for
fV and hP .
For illustration, consider the case of pure χPT. The
result for F0 is then given by
7
F0 =
1
2
(
F expK +
√
(F expK )
2 − 4G
)
. (34)
Since both σ(P ) for mP < mV and ρ(P ) are negative,
G is positive for mP < mV . Therefore, the square root
and therewith the result for F0 can become imaginary.
It is interesting to see that even for (SU(3)-symmetric)
pure χPT this happens already before mP reaches the
physical kaon mass M expK =496 MeV.
In (34), F expK is a non-vanishing quantity at LO of χPT
while G is an NLO quantity. Therefore, one definitely
leaves the regime of applicability of the power counting
when G becomes as big as F expK . Thus, one might think
about some rearrangements. Instead of determining F0
we determine F 20 in the following. This is appealing in
the sense that it is F 20 and not F0 which appears as a
low-energy constant in the Lagrangian of χPT. Starting
from a correlator of quark currents and saturating it with
a one-Goldstone-boson state leads also directly to the
equation for Fˆ 2, see, e.g., [30]. At one-loop accuracy Eq.
(33) is equivalent to
Fˆ 2(P ) = F 20 + 2G+ 2F
−2
0 H. (35)
7 Only the solution for F0 is used which is equal to F
exp
K in the
limit of vanishing one-loop corrections.
Therewith, F0 as a function of the bare pion mass can be
determined as
F 20 =
1
2
{
(F expK )
2 − 2G+
√
[(F expK )
2 − 2G]2 − 8H
}
.
(36)
The solution for F 20 is now purely real in pure χPT
while the solution including loops with vector mesons still
has a non-vanishing imaginary part for bare pion masses
larger than approximately 330 MeV (cf. Fig. 16). We
also checked whether it is possible that the non-physical
parameter F 20 is complex but the physical observables
depending on F 20 are real. However, the mass of a pseu-
doscalar meson P will become complex as well for bare
pion masses above 330 MeV if loops with vector mesons
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F0 / FK
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fV = 150 MeV, hP = 1.50
fV = √2 F(pi)exp, hP = 2fV = 150 MeV, hP = 2
pure ChPT
Figure 15: F0 as a function of the bare pseudoscalar mass
mP for both a pure χPT calculation (blue dashed line) and
calculations with vector mesons (solid lines). The different
colours for the calculation with vector mesons represent the
results for the different values for fV and hP whereby they are
in the same order as in the legend. The vertical line represents
the experimental pion mass Mexppi = 138 MeV.
0.4
0.6
0.8
1.0
0.2 0.4 0.6
mP [GeV]
F0
2
 / (FKexp)2
fV = 150 MeV, hP = 1.50
fV = √2 F(pi)exp, hP = 2fV = 150 MeV, hP = 2
pure ChPT
Figure 16: Same as in Fig. 15 but for the squared parameter
F 20 determined with Eq. (36).
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are taken into account and Eq. (36) is used to determine
F 20 (cf. Fig. 17).
To avoid non-vanishing imaginary parts of F 20 for cal-
culations with vector mesons, the square root in the so-
lution (36) for F 20 can be expanded in one-loop accuracy
as well. Then, F 20 simplifies to
F 20 = (F
exp
K )
2 − 2G− 2(F expK )−2H. (37)
In this case, all results for F 20 are real (cf. Fig. 18). This
is also reflected in the purely real results for the pseu-
doscalar mass shown in Fig. 19. Note that the results for
0.80
0.85
0.90
0.95
1.00
0.2 0.4 0.6
mP [GeV]
MP / mP
fV = 150 MeV, hP = 1.50
fV = √2 F(pi)exp, hP = 2fV = 150 MeV, hP = 2
pure ChPT
Figure 17: Mass of a pseudoscalar meson as a function of the
bare pseudoscalar mass mP for both a pure χPT calculation
(blue dashed line) and calculations with vector mesons (solid
lines). For determining F 20 , Eq. (36) is used. The different
colours for the calculation with vector mesons represent the
results for the different values for fV and hP whereby they are
in the same order as in the legend. The vertical line represents
the experimental pion mass Mexppi = 138 MeV.
0.4
0.6
0.8
1.0
0.2 0.4 0.6
mP [GeV]
F0
2
 / FK
exp
all calc.
Figure 18: F 20 determined with Eq. (37) as a function of the
bare pseudoscalar mass mP . Here, the calculations with and
without vector mesons do not differ visibly. The vertical line
represents the experimental pion mass Mexppi = 138 MeV.
the mass differ depending on whether loops with vector
mesons are taking into account and, if yes, which values
for fV and hP are used, while the results for F
2
0 do not
differ visibly. Although F 20 determined with (37) is now
real for all calculations performed within this article, the
solution is not satisfactory, either. Recall that the value
for F 20 is determined by assuming that the calculation for
the decay constant resembles the experimental value for
the kaon decay constant exactly. Thus, the decay con-
stant calculated with (35) should at least approximately
yield the experimental kaon decay constant if F 20 as given
in (37) is inserted. However, due to the additional expan-
sion in one-loop accuracy the calculation including loops
with vector mesons deviates significantly from the exper-
imental kaon decay constant at large bare pion masses
(cf. Fig. 20). Note that for a pure χPT calculation no
second expansion is necessary such that the pure-χPT
result resembles the kaon decay constant.
All in all, it does not seem to be possible to determine
0.6
0.7
0.8
0.9
1.0
0.2 0.4 0.6
mP [GeV]
MP / mP
fV = 150 MeV, hP = 1.50
fV = √2 F(pi)exp, hP = 2fV = 150 MeV, hP = 2
pure ChPT
Figure 19: Same as in Fig. 17 but using (37) for determining
F 20 .
1.0
1.4
1.8
2.2
2.6
0.1 0.2 0.3 0.4 0.5 0.6
mP [GeV]
F(P)2 / (FKexp)2
fV = 150 MeV, hP = 2
fV = √2 F(pi)exp, hP = 2fV = 150 MeV, hP = 1.50
pure ChPT
Figure 20: Same as in Fig. 19 but for the squared decay con-
stant of a pseudoscalar meson calculated with (35).
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F0 or F
2
0 for interesting values of the bare pion mass
in a self-consistent way if loops with vector meson are
included. As discussed before, problems occur already
for a pure χPT calculation. Therefore, a fixed value for
F0 is used in the following to calculate masses and decay
constants of pseudoscalar mesons.
Note that in Figs. 15 - 20 one can see that the chiral
limit is correctly approached. For mP → 0 all curves fall
on top of each other. This cannot be observed in the
plots in the following part where the strange quark mass
is kept fixed.
2. Masses and decay constants for M˚pi 6= M˚K
Because of the problems discussed in the previous sub-
section we now use fixed values for F0 and B0ms. There-
fore, the value F0=81 MeV is used [24] in accordance with
the values for the low-energy constants LχPTi (cf. Tab. I).
To determine B0ms we note that the bare kaon mass can
be expressed as
M˚2K =
1
2
M˚2pi +B0ms. (38)
Thereby, the mass ms of the strange quark is determined
by the experimental pion and kaon mass [8],
B0ms = (M
exp
K )
2 − 1
2
(M exppi )
2. (39)
Then, the mass of a pseudoscalar meson can be deter-
mined by solving the mass equation (31) and its squared
decay constant can be determined using Eq. (35). The
masses and squared decay constants as functions of the
bare pion mass are shown in Figs. 21 - 26. The masses
are normalised to the χPT-LO results, i.e., to the masses
M˚P , and the squared decay constants to the experimental
values (F expP )
2. Thereby, the kaon mass in LO is given in
(38) as a function of the bare pion mass and the strange
quark mass B0ms while the Gell-Mann-Okubo relation is
used for the η mass at LO (cf. (9)). The deviation of the
pure χPT calculation from unity shows the difference be-
tween an LO and an NLO calculation. The deviation of
the pure χPT calculation from the calculation with vec-
tor mesons on the other hand shows a difference which is
formally of N2LO. If vector mesons were not important,
i.e., if the χPT convergence was good, the difference be-
tween the pure χPT and the vector-meson calculation
would be less than the difference between the NLO and
the LO calculation, i.e., the deviation of the pure χPT
calculation from unity. However, for all quantities this
is not the case already at regions with low bare pion
masses. This illustrates the importance of including dy-
namical vector mesons in low-energy calculations. The
deviations between the vector-meson calculations for dif-
ferent values of hP and fV are always smaller than the
deviations from pure χPT. This indicates the robustness
of our qualitative finding about the importance of vector
mesons.
0.7
0.8
0.9
1.0
0.2 0.4 0.6
Mpi
0
 [GeV]
Mpi / Mpi
0
fV = 150 MeV, hP = 1.50
fV = √2 F(pi)exp, hP = 2fV = 150 MeV, hP = 2
pure ChPT
Figure 21: Pion mass as a function of the bare pion mass for
both a pure χPT calculation (blue dashed line) and calcula-
tions with vector mesons (solid lines). The different colours
for the calculation with vector mesons represent the results
for the different values for fV and hP whereby they are in the
same order as in the legend. The vertical line represents the
experimental pion mass Mexppi = 138 MeV.
0.8
1.0
1.2
0.2 0.4 0.6
Mpi
0
 [GeV]
MK / MK
0
fV = 150 MeV, hP = 1.50
fV = √2 F(pi)exp, hP = 2fV = 150 MeV, hP = 2
pure ChPT
Figure 22: Same as in Fig. 21 but for the kaon mass.
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1.2
0.2 0.4 0.6
Mpi
0
 [GeV]
Mη / Mη
0
fV = 150 MeV, hP = 1.50
fV = √2 F(pi)exp, hP = 2fV = 150 MeV, hP = 2
pure ChPT
Figure 23: Same as in Fig. 21 but for the η-meson mass.
15
1.0
2.0
3.0
0.2 0.4 0.6
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Fpi
2
 / (Fpiexp)2
fV = 150 MeV, hP = 2
fV = √2 F(pi)exp, hP = 2fV = 150 MeV, hP = 1.50
pure ChPT
Figure 24: Same as in Fig. 21 but for the squared pion decay
constant normalised to F exppi =92 MeV.
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FK
2
 / (FKexp)2
fV = 150 MeV, hP = 2
fV = √2 F(pi)exp, hP = 2fV = 150 MeV, hP = 1.50
pure ChPT
Figure 25: Same as in Fig. 21 but for the squared kaon decay
constant normalised to F expK =110 MeV.
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0
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2
 / (Fηexp)2
fV = 150 MeV, hP = 2
fV = √2 F(pi)exp, hP = 2fV = 150 MeV, hP = 1.50
pure ChPT
Figure 26: Same as in Fig. 21 but for the squared η-meson de-
cay constant. As a reference value, F expη :=1.3F
exp
pi =120 MeV
as calculated in [3] is used.
The first impression from Figs. 21 - 26 concerning the
importance of vector mesons might be that either the re-
sults are just wrong or that this points to a fundamental
flaw of χPT. This, however, would be a misinterpreta-
tion. What seems to be most astonishing is the result for
the properties of the pion, Figs. 21 and 24. Already at
low quark masses, i.e., at small values of the bare pion
mass, one sees a significant deviation of the pion mass
from the bare pion mass. On the other hand, the rule
of thumb seems to tell that effects should be suppressed
by powers of the pion mass over a typical hadronic scale.
In our case one might use here the vector-meson mass
or 4piF . Yet this point of view is somewhat oversimpli-
fied. As a matter of fact, already NLO χPT — for three
flavors — predicts that in the two-flavor chiral limit the
deviation of the ratio (Mpi/M˚pi)
2 from unity is driven
by µK,η/(4piF )
2, see (15) and (16). Obviously this effect
survives the two-flavor chiral limit. Besides the logarithm
it provides a factor M2K,η/(4piF )
2.
Correspondingly we can expect that the loops with
vector mesons generate deviations from unity that scale
with Q4/(m2V (4piF )
2). The power of four in this esti-
mate comes from the fact that we have compensated all
vector-meson effects of NLO. The remaining N2LO effect
scales with Q4 relative to LO. We have also included the
typical factor (4piF )2 from the loop and added appropri-
ate powers of mV to make the ratio dimensionless. If Q
takes the value of the kaon mass, this dimensionless ratio
Q4/(m2V (4piF )
2) will not be very small. A 10% effect
appears rather reasonable and this is what we observe in
the two-flavor chiral limit in Fig. 21. Replacing in our
estimate Q by the kaon mass is induced by the loop con-
tribution of a kaon and a vector meson (physically a K∗
meson). Such a loop can couple to the pion. In turn
this implies that the loop with the pion and the ρ me-
son should be entirely insignificant at low pion masses,
because it contributes with M4pi/(m
2
V (4piF )
2) . We have
checked that this is indeed the case (not shown here).
To summarize, it is the not directly observable ratio of
the physical to the bare pion mass that receives a dras-
tic correction from the loop with a (K∗) vector meson.
That the result is numerically larger than the correspond-
ing effect from the kaon and η-meson tadpole diagrams
is interesting but not disturbing. Observable quantities
might still agree with the rule of thumb that predicts
that changes of the pion properties scale with powers of
the pion mass. We reiterate our statement that we would
have preferred to keep physical quantities constant when
varying the bare pion mass. Yet, due to the complica-
tions discussed in the previous subsection this did not
appear as a viable alternative within the present frame-
work. With this qualitative understanding of the impact
of the vector loops on the pion properties it should not
be surprising that the effects for kaon and η meson are
also of comparable size. The effects are not very small,
even for small bare pion masses.
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VI. SUMMARY
In this article, the influence of one-loop diagrams with
dynamical vector mesons on masses and decay constants
of pseudoscalar mesons is discussed. Thereby, the de-
pendence on the bare pion mass as an input parameter
is studied. Two studies are performed: First, the dif-
ference between static and dynamical vector mesons is
examined. For all calculations, the difference turns out
to be already significant for bare pion masses above ap-
proximately 250 MeV. Second, pure χPT calculations are
compared to calculations involving vector-meson loops.
Here, the calculations indicate that dynamical vector
mesons are already important for low bare pion masses
if the kaon mass is kept on its physical value.
The studies performed in this article are based on a
vector-meson Lagrangian which includes only a selected
number of interactions terms. For studies with an ex-
tended vector-meson Lagrangian as suggested, e.g., in
[13], the influence of vector-meson loops on the renormal-
isation of the low-energy constants of χPT has to be de-
termined first (cf. discussion in [15]). Equipped with such
an information the properties of pseudoscalar mesons can
be determined based on an even more realistic vector-
meson Lagrangian. Yet already from the present work
one can conclude that an analysis of the quark-mass de-
pendence of lattice results might grossly underestimate
the importance of vector mesons when such an analysis
is based on pure χPT.
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